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Abstract. A mathematical model is developed for saturated flow of a Newtonian fluid in a thermoe-
lastic, homogeneous, isotropic porous medium domain under nonisothermal conditions. The model
contains mass, momentum and energy balance equations. Both the momentum and energy balance
equations have been developed to include a Forchheimer term which represents the interaction at
the solid-fluid interface at high Reynolds numbers. The evolution of these equations, following an
abrupt change in both fluid pressure and temperature, is presented. Using a dimensional analysis, four
evolution periods are distinguished. At the very first instant, pressure, effective stress, and matrix
temperature are found to be disturbed with no attenuation. During this stage, the temporal rate of
pressure change is linearly proportional to that of the fluid temperature. In the second time period,
nonlinear waves are formed in terms of solid deformation, fluid density, and velocities of phases. The
equation describing heat transfer becomes parabolic. During the third evolution stage, the inertial and
the dissipative terms are of equal order of magnitude. However, during the fourth time period, the
fluid’s inertial terms subside, reducing the fluid’s momentum balance equation to the form of Darcy’s
law. During this period, we note that the body and surface forces on the solid phase are balanced,
while mechanical work and heat conduction of the phases are reduced.

Key words: Macroscopic mass, momentum and energy balance equations; Forchheimer term; saturat-
ed flow, thermoelastic porous media; abrupt change of temperature and pressure; nonlinear wave.

1. Introduction

The macroscopic model describing saturated flow of a Newtonian fluid in a thermo-
elastic porous medium, was developed, among others, by Bear and Bachmat (1990).
This model contains mass, momentum and energy balance equations. Howev-
er, they neglect the microscopic inertial terms at the fluid-solid interface. As a
consequence, their averaged momentum balance equation does not contain the
Forchheimer term (which is proportional to the velocity squared) which may be
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significant, especially for high velocities. Bear and Sorek (1990) start from this
model, for an isothermal case, and describe the evolution of the averaged mass
and momentum balance equations, to more simple but approximate forms, fol-
lowing an abrupt pressure impact exerted at the boundary of a porous medium
domain. The same methodology is applied in the present study in order to investi-
gate the evolution stages of the (averaged) mass, momentum, and energy balance
equations, following an abrupt change in both the pressure and fluid temperature.
This methodology involves mainly rewriting the (averaged) fluid and solid balance
equations in nondimensional forms, and analyzing the relative order of magnitudes
of the terms appearing in these equations during various time periods. This analysis
yields four evolution of which the transport of mass, momentum, and energy are
governed by different balance equations. In comparison to Nikolavskij (1990), the
present theory is novel in two major aspects: (1) developing the evolving dominant
balance equations of interacting fluid and solid phases following an abrupt change
in fluid temperature and pressure and (2) accounting for Forchheimer terms for
momentum and energy balances at the fluid-solid interface.

2. Macroscopic Balance Equations
2.1. MASS BALANCE EQUATIONS

The macroscopic mass balance equation for the fluid phase, neglecting the disper-
sive mass flux, is

9
% = V- (¢psVy)- 1

in which ¢ denotes porosity, V; denotes the fluid’s velocity vector, and ps[=
ps(P,Ty)] denotes its density. We may rewrite (1) in the form

o aoP oT
Pja—qt{> + dpy (ﬂP—aT + ﬂTa—tf)

= —pf(Vf +V,)-V¢-— épsV - (V- +Vs)
— ¢ps(Vy +Vs) - (BpVP + prVTy), 2

in which V, = V; — V, denotes the fluid’s velocity relative to that of the solid,
and

10 10
Bp=—2L . pp=—2PL 3)
ps OP T, pfanP

with P and T; denoting the fluid’s pressure and temperature, respectively. We
assume that |0¢/0t] > |V, - V|. This is equivalent to the statement that St® =
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L¢/t?V,. > 1, in which St? is the Struhal number associated with the porosity,
with L¢ and t¢ denoting the characteristic length and time intervals for changes in
¢, respectively, and V;. denotes the characteristic velocity of the solid.

Under the same assumption, the mass balance equation for the solid, assuming
that the latter’s density, p, is constant, is

® -9V, @

In view of (4), and the assumption that the porous medium is homogeneous, i.e.
V¢ = 0, we may rewrite (2) in the form

) d oT
001 (8050 + 5122 ) + 6079 Vot 979 Vo

+¢ps (Ve + V) - (BPV P + B7VTy) = 0. (5)

2.2. MOMENTUM BALANCE EQUATIONS

The macroscopic momentum balance equation for a Newtonian compressible flu-
id, neglecting dispersive momentum fluxes, was developed by Bear and Bachmat
(1990). However, in their development, they failed to take into account the inertial
term in the microscopic momentum balance equation at the solid-fluid interface.
Hence, these effects do not appear in their macroscopic momentum balance equa-
tion. Without their assumption of isochoric flow, but with an assumption that the
porous medium is homogeneous, i.e., V¢ = 0, their averaged momentum balance
equation would have taken the form:

0
- (9p4V)

8 P oz\ ..
= —£(¢vaf.~vfe)— (a—+Pfga )T i+

2

(6)

+( TRy )¢

Cy
b B, 8 #faijA_§¢‘/1-j-

In this equation, u; denotes the fluid’s viscosity, (A} 4 (2/3)uy) denotes the
secondary viscosity, g denotes gravity acceleration, Z denotes elevation, and the
tensorial coefficients a;; and T7; constitute constant macroscopic representations
of the microscopic configuration of the solid-fluid interface, the latter is regarded
as the tortuosity. Both are defined for an isotropic porous medium by

a;; = o 6ij, T = T, 635, @)

Y
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where 4;; denotes the jth component of the Kronecker delta, and o, and T}, are
coefficients that represent solid matrix properties.

To include the inertial effect at the solid-fluid interface in their averaged momen-
tum balance equation, Bear and bachmat (1990) should not have assumed that the
drag and inertial forces at the microscopic solid-fluid interface are much smaller
than the surface and body (gravity) forces. If, while developing an expression for the
averaged pressure gradient at the solid-fluid interface, instead of their assumption
(2.6.9), they would have made the assumption

vy, Oy P Y v,
'(”f at —87;)”] (

9a; + Pfga—zj + o5V, E,—) vj

their resulting macroscopic momentum balance equation would have included an
additional term, known as the Forchheimer term. Note that in (8) we argue that
the microscopic surface and body forces, together with inertial forces (associated
with spatial velocity changes) are of higher magnitude than the viscous forces
(associated with fluid shear stress tensor, 7;;) together with the inertial forces due
to the velocity rates. The inclusion of V - VV in the RHS of (8) is significant for
high and/or transient velocities. Many authors, e.g., Hsu and Cheng (1990), Nield
(1991,1994), Olim (1994), often without a rigorous proof, include an expressions
for the Forchheimer term in their macroscopic momentum balance equation. In
the present work, we shall extend these expressions to the case in which the solid
matrix is deformable. Thus, for the purpose of this paper, the Forchheimer term
that we shall use, will have the form:

CyOim
[ REIpsIVs = ViV = Vi) ©)

where, Ay denotes the hydraulic radius of the pore space, and c, denotes a shape
factor. Note, however, that the additional Forchheimer term originates from a
microscopic inertial term at the solid-fluid interface. This is in contradiction to
the assumption made by other authors {Hsu and Cheng (1990), Nield (1991,1994),
Olim (1994)] who refer to the Forchheimer term as a drag factor or in compensation
for neglecting the inertial term associated with vorticity.

The macroscopic fluid momentum balance equation, (6), together with the
Forchheimer term, (9), takes the form

< ) ®)

0
5{(¢va.&)

9 oP AZ\ ... vy,
= —5x—j(¢ﬂfoin,») - ¢ (59:—, + pfga—x—) T, + M¢W+

10
+( + /\H)qs 62ij _ a -EU—QBV _ cvam¢ 'V IV ( )
Ky f dz;0z; 34 mA.zf 8 A} PHY 7 Ve
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In view of (5), this equation can be rewritten as

¢pfat(Vr. + Vi) + ¢p5(Va +Vs,) (V,, + Vi)

P
+¢pf/3P(‘/r, + Vs')E-*_

oTy ov,. oV,
+¢psBr (Ve; + Vo, )7 En +,0f(V,-' + Vi) (¢ LR _"L)

3:1:]' 3.’1:_7'
oT
+078r (Vi + Vi) (Ve + Vi) 5.2 f -+

« {OP YA
+00:B8p(Ve; + Ve, ) (Ve + Vs.) + oTr, (a_x,- + pfga_xi)

_¢ %V, | V. |
he 322]'3(1:]' 322]'3(1:]'

Vr, L O, cv

+,/c"a"‘¢pf|Vr|V,-‘ =0. (11)

By summing the macroscopic momentum balance equations for the fluid and
the solid phases [see Bear er al. (1992), eqs. (12) and (13)], the rate of momentum
exchange across the solid-fluid interface is eliminated, we obtain the momentum
balance equation for the porous medium as a whole in the form

o}
a(d’ﬂf"r + ppVs)
=-V. [¢pf(VrVr + V. Vs + VsVr) + prsVs]+
+V (o, tas) - pgVZ, (12)

in which pp = ¢py + (1 — ¢)ps is the bulk density of the porous medium, o,
denotes the intrinsic phase average stress in the a-phase (a = f, s), and

oy =(1—¢)(0s—0af); withoy;; = 0y, (13)

denotes the effective stress (= intragranular stress) in the porous medium [see Bear
and Bachmat (1990) and Trezaghi (1925)].
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The macroscopic (averaged) form of the constitutive relationship for fluid stress
in a thermoelastic porous medium [Bear ef al. (1992)] is

o5 = ns[Ve+(Ve, ) 1+NfV 4.6+ 2¢u; sssm+¢ f ;);kel5—P 1,(14)
in which the ( )T denotes the transpose matrix, and 4,(= ¢V, ) denotes the rela-
tive specific flux. Note that (14) includes terms that are associated with the solid
skeleton. They express the influence of the solid strain on the fluid stress at their
common interface.

The macroscopic strain tensor for the solid matrix, egel, is defined for small
deformations by the compatibility law

Eskel = %(VW, + (sz)T)7 (15)

in which w, denotes the displacement vector of the solid matrix. The volumetric
strain (= dilatation), eg.l, is given by

€skel = V Wy (16)

From (16) and (4), it follows that

_ 1 a¢ D L/s€skel D,() — 2_
VVesT%ac~ Dt pr Sa0 Ve VO D
with
Dyw,
V.= (18)

The macroscopic constitutive relationship for a thermoelastic solid matrix takes
the form, (Bear er al., 1992)

‘7:; = /\.,g,eskel6 + 2ﬂ;€skel - n(Ts - Tso)67 (19)

where T, and Tso denote the solid temperature and its value at a reference stage,
respectively,A7, u} denote the Lame coefficients of the solid matrix that have to be
determined experimentally, and 7 denotes the thermoelastic coefficient. In view of
(5), (14), (15), (16) and (19), we rewrite the porous medium momentum balance
equation, (12), in the form

0 ovy, oP
‘?bpfﬁ(vﬂ + Vs) + (1= ¢)ps ot + (Ve + Vsa)‘ﬁP!ﬂPW

oT,
+(Vii + Vo )bpsBr—5L+
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6V,.J. aV,,

V.. + V,.)—
6.’17_7 +pf( fx+ 3x)axj+

+¢Pf(vfi +Vi,)
oP

+¢6psBp(Ve, + Vs, )(Vr; + Va,~)5;+
j

or 0
00181 (Ve + V) (Vi + Vi) 3L + 807 (Vey + Vi) 5 (Ve + Vi) +
J

Oz
Vs,
_y a2w,j o 32w,‘. 82w,j 4
s 3.’1:,'3:1:_7' 8 3.’1:_.,'3.’17_7' 3.’1:,'6:1:_7'

+ E- 32V,.' + 82V’" -
”ax,- i O0x;0r; Ox;0x;

(TERY Oy | OV ), 0P,
re + ! 3.’17,'3:17_7' + 3.’1:,'32:_7' 3:1:,'
(1 - ¢) 7] oz _
+VeiPs ot + Vi, ps 3.’17_7' [ )Vl + pog oz; 0. (20)

2.3. ENERGY BALANCE EQUATIONS

In writing the macroscopic energy balance equations for the fluid and the solid, we
assume linear thermodynamics. Furthermore, the specific heat at constant volume
for the fluid, Cy, and the specific heat at constant strain for the solid, C;, are
assumed to be constant. In addition, we omit external energy sources and the energy
associated with viscous dissipation is assumed to be negligible, i.e., |7 : VV;| «
[PV - V¢|. Hence, we write the macroscopic fluid energy balance equation

o
5(¢Ps(CsTy + A5)))

= =V [p7(CsTy + 3V))Vs — D"V (p;CyTy) — oA} VTy]~

—o*(Ty ~Ty) — Ty br| g. (¢V,) — ¢T Vs - VP—
Bpl,,
2 b0s |Vl Ve -V, @)

2
Ay
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in which, o*! denotes the heat transfer coefficient associated with the rate of heat
transfer between the solid and the fluid phases, AL (= Ao Tp, = AnTn8 = Aamb)
denotes the thermal conductivity of an o = f, s) phase, and D*¥ denotes the fluid’s
thermal dispersion tensor as suggested by Nikolaevskij (1959) defined by

ViV

22
Vsl @)

Dy = af|Vil6i; + (af — af)

in which a¥ 7 and aT denote the longitudinal and transversal thermal dispersivity,
respectively. Although o} is about 10-20 times larger than aT , for simplifing the
present analysis we assumed, a¥ to be equal to a}, since we are interested only in
the principle of thermal dispersion. Note that without Forchheimer term (The last
term on the RHS), (21) can be obtained by following Bear and Bachmat (1990) upon
including fluid mass and momentum balance equations. Forchheimer term maybe
interpreted as a heat source at the solid-fluid interface, and was originated from the
fluid momentum balance equation. In view of (22) and the fluid mass balance (2),
by subracting the momentum balance equation multiplyed by the fluid’s velocity
term, the fluid’s energy balance equation, (21), becomes

aP dT; oT
¢psCsTsBp—7r + ¢prf—5t— +6psCsBrTy 7+

oT
+¢pCsBrTi(Vs, + Vs,) f+

v, av,,
+ ¢PfoTf';9-*— +p5CiTs5-

)(9
P

+¢p;C1BpTs( Ve, + Vs,-)——-a -—
Tj

o (Ve + Ve ) g2V + V)
~¢a v, +vs|

P oT
(foTfﬂpa +Pfo(1+ﬂTTf) f)

~paf |V, + V] [Pfcj(z + B1T%)Br (an) +
.7

aT; 3P

+20;CsBp(1 + BrTs) 5= 2, Be;
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2
oP o*T
2 or f
+psCBpTy (63:]-) +psCr(1+ ﬂTTf)axjaxj +

%P
+prfIBPTfa a ]+

* aZT * am aVs
+PA7m axzf (T -Tp) + ¢TfZT (ax; + _—8:1:;) +

+, /C"“m 60|V, |V:, Vi, = 0. @3)

For a thermoelastic isotropic solid, the macroscopic heat balance equation as
obtained by Bear and Bachmat (1990) is

a(1 6T 6T3
psCsT, —(_2 + (1 - 9)psCs—7—+ (1 - ¢)psCs s]
ot 6
. 0?T,
_(1 - ¢)Asm oz 2 +
av,. 6V
+aH(T, - Tf) + 1T, oz, . L+ (1 - 9)psCsT. 6 =0. (24)

Altogether we have so far 8 variables (P,T¢,Ts,V,, Vs, ps, ¢, W;). To solve
for these variables, we have 6 balance equations: (4), (5), (11), (20), (23), (24); a
constitutive relation for the pressure and definition (18).

Our objective in what follows, is to analyze the order of magnitude of the various
terms of the balance equations, following an abrupt change in both the pressure
and the temperature.

3. Nondimensional Forms of the Balance Equations

Our next objective is to analyze equations (4), (5), (11), (20), (23) and (24) in
order to eliminate from them nondominating terms, i.e., ones that are much smaller
then other ones in the same equation. To achieve this goal, we first rewrite the
above equations in dimensionless forms. The various dependent variables that are
appearing in the dimensionless equations as well as their derivatives, are of order
one, if appropriate reference values are selected for them. Hence, the order of
magnitude of a term is determined by the scalar factor that multiplies that term. By
comparing these scalar factors for any two terms, we can determine the conditions
under which one of these terms is much smaller or larger than the other. This
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condition takes the form of a requirement that a certain dimensional number be
much smaller or much longer than a unit.

In the present case, since our aim is to compare all the terms with terms associ-
ated with the rate of pressure changes, we (1) select a scalar for every variable and
parameter in the balance equations. The scalar factor gives the ratio between the
dimensionless variable, ( )*, and the dimensional one [e.g.,(Az) = L.(Az*)]; (2)
rewrite the balance equation by replacing variables and parameters by the product
of the dimensionless variable and the corresponding scalar. In this way, each term
in the balance equation takes the form of a product of a scalar factor involving
various scales, and a dimensionless factor the latter is of order 1. We divided the
equation by the scalar factor that appears in the term that includes the rate of
pressure change.

To simplify our symbols, we use, e, as a characteristic value of the inten-
sive quantity, e and L and ¢¢ as characteristic increments in the spatial and time
steps, respectively, both associated with e. Furthermore, we introduce the fol-
lowing dimensionless numbers which were obtained in the nondimensionalization
process.

Struhal number, St°, associated with the intensive quantity, e.

St° = Le
TtV

(25.1)

in which V,. denotes the characteristic mass weighted velocity of the
a-phase.
Euler number, Eu,, associated with the o phase.

P

=——°¢ 25.2
PE(Vae)? (252)

Eu

where p2 denotes the characteristic density of the a-phase.
Richardson number, Ri, is given by

V,
Ri=p-2 = 9L

= (—W’ 25.3)

where Fr denotes the Froude number.
Reynolds number, Re, is given by

Vi
Re = eV Fel®e _ V. LY'Dal/?, (25.4)
Ve
in which the characteristic kinematic viscosity, v, is defined by
f

’UCE—T,

Pec

(25.5)
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K. is a characteristic permeability given by

¢ A3
Ke = ooy’ (25.6)
and Darcy’s number, Da, is given by
Ke
Da= ———. 25.7)
be(LSTY?
Fourier number, Fo,, associated with the a-phase, is defined by
o damte™ _ Oalet 25.8)

Fo, = =
¥ peCal L) ( L,,Ta)z
Fourier number, Fop;s, associated with the fluid’s thermal dispersion, is given
by
H T,
= 4T Vfctca
Fop;s = (er)z . (25.9)
Nusselt number, Nu, associated with the fluid phase, is given by
2
o (177)
Nus ——4—, (25.10)
Af
Biot number, Bi, associated witht he solid phase, is given by
2
i (LZ‘)
As )
We furthermore introduce some additional new scalar numbers. The character-
istic strain, ¢, is defined by

Bi = (25.11)

we
LY

(26.1)

Ec =

The ratio, )., between the solid’s heat generated by deformation and its advec-
tive heat flux is given by

T.
nL;*
= ) 26.2
= At @62)
The ratio, Fy, between the solid’s surface force, per unit length of the solid,
resulting from its deformation, to the fluid’s inertial force, per unit volume of the
fluid, is given by

1y fw?
Fy = _f_ﬁsL‘c,_f (26.3)
Pc Vfc /tc
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The ratio, Fy 1, between the solid’s surface force (per unit length of the solid)
resulting from its temperature change, to the fluid’s inertial force (per unit volume
of the fluid), is given by

(26.4)

The volume of the fluid added to the storage, per unit volume of the fluid, as
the pressure changes, A,, is defined by

A, = ¢of, P, (26.5)

The volume of the fluid added to the storage, per unit volume of the fluid, as
the temperature changes, ATf , is defined by

A, = ¢.B1T,. (26.6)

In view of the scalar numbers (25) and (26), the balance equations (5) for fluid
mass, (4) for solid mass, (11) for fluid momentum, (20) for the porous media
momentum, (23) for the fluid energy, and (24) for the solid energy can be rewritten
using products of nondimensional terms ([ |*) and scalar factors.

The fluid’s mass balance equation:

aP1" aT,1” av., 1" v, 1"
Ay [de] + A [dww] + A3 [¢Pf 9z, + A4 |ps az, +

aP orT
+4s [«ﬁpf(vr, + Vi) g ] + As [«ﬁpf(vr, + V)52 ] =0, @
where
ATf
A =1, Ay = Ap tTf

P rVs tP
A3 — ¢CAI_;1(StVf)_1tLLc (1 _ VSC) , A4 I(StVa)— T

tXf LX" Vfc te
V, \%
LA tf Ar Lt tP
_ Vf -1 — f Vf -1+c c
GO AR e ClO (28)
¢ lc

The solid’s mass balance equation:

a9]" v, | _
B, [5] —Bz[ axj] — 0, 29)
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where

(1 ;C¢C) StV’ V, .

The fluid’s momentum balance equation;

Bi=1, By= (30)

orP

D1 805V + Vi) 5]+ D 905V + Vi) |

a *
+D5 [¢P.f é't'(vr. + Vs, )] +

-

+D4 ¢Pf(Vr, + Vs,) (Vr. + Vs )] + Ds [¢Pf(Vr.~

85

v, 1"
Oz; +

., OP1*
+De¢ ]+

™ Ox;

[ oP\"
+D7 |¢ps(Ve; + V.s,')(Vr.‘ + V-‘J.)(T)';—] +
L 7

r

oT
+Dg ¢pf(w, + Ve ) (Ve 4 Vo) 5L ! ]

[ (')Vs- . 0Z1* x
+Do [ps(Vei+ V) 52|+ Dro[d0sTagz] + Dulgvel'-
L J

0V, 0V, V., | 0V,
—Dy [d)( - 4 L4 i4 i) 4

O0z;0z; Oz;0r; Oz;0z; Or;0z;

$ 24 V., + V., *+
Hf. ax,-axj ax,-axj

+D13[¢pflvrn/r.‘]* =0, (31

A, ¢F

Ap tf:f

tf _ 4 tF
D3 = ¢ Ap' & e Dy = ¢ Ap! (St"7) lt—V?
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tP V. LY 4P
D A—l t -1 %¢c _ Ysc — -1 Viy— c ¢
5 = ¢c P (S ) t_—}:," (1 ‘fc) , D6 ¢CAP (St ) f LCP _.t}:,f N

lL
7 tv,

1L

Ar
Viy- = —L(str)"
= (St"f) Dy Ar (St"7) 73 v,

P
Dy = AF}(St")™! —V- Dio = ¢ A Fr3(st¥n) 7,
C tC

Dy = ¢CA;1Re‘1Da‘1/2(StVf)"1£- (1 - V“)
td! 122

P
D12 = ¢.Ap'Re™'Dal/?(st"7)~! ;,
t!

C
. — _ | %
Dz = ¢CAP1Da 1/2(StVf) 1 ( Vf) tvf (32)
C

The momentum balance equation of the porous medium:

Fy [¢Pf(Vr,- + ‘/s;)aap] + E, [¢Pf(Vr, + Vs')an]

6 *
+E;5 [¢Pf&(vr.‘ + VS.)] +

Vs

ov,. 1"
+E, (1_¢)6 ']+ES l:¢P.f(Vr.‘+Vs.‘)E:—,L] +
2

[ av,
+Es |5 (Vi + Vai) 5~ ’] +

-

opP|”
+E7 |¢ps(Ve, + Vs )(Vr; + Vs_,)'aT] +
| i

q*

orT
+E8 [¢pf(vr. + Vs.')(VrJ- + Vs_,' ! +

)%

»

+ Eo [( ¢)Vs Vs, ] -

85 0010V, 4 Vo)V 4 V)
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[ Pw,, 0w, | M Puw,, | T,
~En _69:.-8:::,- + 0z;0z;  p, Bz.az, +En [az.] B

[ 8%V, | 8V, v, . o, \1"
—Eus | 0z ;0z; + 0z;0z; + (1 + ) (33.3::, + 0z;0z; +

Lak 20-9)",
+E4 _('?:c.'] + Eis [V. i

] 8zZ1* ozZ1*
+E6 ¢Pf5;] + Eyy [(1—¢)5;] +

[ aV
+E3 |(1 - $)V,, =0, (33)
where
Ap, tP
= =Lt
E, =1, E, Ap 7

BuySt¥e L P

£
-1 c —_ — e
=dedp vy Has= (= A s TG V7

E —¢A"'(Stvf)"££er - Jee E —A"(Stv’)i
5 = @cAp tchLcr Vfc ’ 6= Ap t};,',

v 1%

LSt P Ar L P
E; = (St 125 =, Ee = =2L(StVry-12e_ ¢
7= ) LP TCVJ 8 Ap( ) Z‘f t}:’!’

_ _ tP Eu _ L
By= 4 AP SIS, Bio= (1- AR L (SV)! L°v, 7
[+
1 ty 1 Lye tf
E“ = A; €zFV%, El2 = A}.J ecFVTLT%7
tc! LC‘ C!

lo—lpaal/2r V<1 Er 1 v, 1I’Xl_tp
Ei3 = Ap'Re™'Dal/2(StVr)" —-tf,!, B4 = Ap Eug(St) +5 t‘c/, ’
c ¢

c

St¥s PtV t
1 Buy cle Eis = ¢ Ap'Fr2(St71) 71 25,

Brs = (0= 0 Ap g S0 i2edlt” to!
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o2 aV—1Ps o
Eyp = (1 - ¢o)Ap Fr™(St7) ™ .
Pc tc

_1Eu _ Lc
EIS:(I—QSC)APIE—uf(StVf) ! a t"f' (34)

The fluid’s energy balance equation:

»

arP1* T aT
R [‘ﬁprfE] + B [¢Pf-(§f‘] + F3 [¢Pfoa—tf] +

[ orT
+Fy ¢Pfo(Vr,+Vs,) f] +

Z;

- an »* a‘/’. »* a‘/s »®
i Ml V’”aTj] e [“"’foaT;] H [”fo azj} ¥

1%

— Fio[Ts)"+

[ oP
+Fy [6psTs(Ve; + Vi) 5~
i i

Fu [ory (2 0y | Wy |-
T _¢ 1 axj Oz; ]

[ (Vi + Vo) (Ve +Va) 9P|
[V, + V| P21 s,

[V + V)£ (V4 Vo) or)]’

— s [V, + Vi P! oz;

iy [T Vs (Rt ) oy
14 IV, + V| Ps f(?xj

’— »
oT
—Fi5 |¢ps|Vn +Vs|( $f> } -

J

[ 2
T 0Ty OP
4%¢MMV+%(;Q}.mPWW+n|fw.
Z; J
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2 *
oT; 6P oP
—Fig ¢Pfo|V + Vil 7= fa } — Fig (¢psTs|V, + V,| (a—') -
Tj0%; z;

0°T;
02,0z

-Fy ¢Pf|V + V|5 -
2 2

aT; 1"
] - [<f>;f)ftf|Vr+V.,|(9 f] -

] apr 1" 2T 1"
—Fp ¢prf|Vr + Vala 3 ] - F23 [¢ 6:272f} +
L 2

+Faaldps| VeV Vi ]" = 0, (35)

where

1 tP
=1, F, = ¢.Ap t%f’
C

ATf tf At V. va 174
= —— F = .—f- St b -1 —~—,

1/q,V, ch tP “1/a.V Zf Ve
— - - —_— f —
Fs = ¢.Ap (St'1) LTf tVf Fe = ¢.Ap (St )~ v, LV' (1 Vfc)

“1/qqVey-1te V-1 o P
F7 = AP (St ) z;ﬁ, Fs = (St ) LP Vf
1 TP 1 ty
F=Ap NuFo;—% f c Fo= Ap NuFOft-Tf,
[+
%
- tP Bt gt
Pi = ¢ Ap'(St"7)7! 1C o7 Fi3 = Fopis—+ LP V,
L AT, LY P
F13 = ¢ Ap' Fopis ~7- T tvf Fia = EF Dis Ty V7

% 2 v

Aty AN A%, ViN? P
=22 pop, [ 25— Lo = Tt Fop [ 25-) e
Fis 2AP FOms( T ) i Fis A, Opis | —7, | v

2
Fi7 = 2F (27) Fis = 224
17 = <F'ODis TP 18 = E *ODis LZ’LP 7N

c c
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Vi 2 Ve 2
AP c'f tf -1 Cf tcP
Fig = 5 ——Fop;s <f{;) tvf’ Fy = ¢.Ap Fopis F "7

C C

2 Ven 2
Ar, I\ P ViN? 4P
Fypo= "XFops [ —S-| &,  Fyp=TFops [ =) &
21 = Ap Dis < Z’f “:,f ’ 22 Dis Lf }:’f ’

_1g. tF
Fy = ¢cAp FoftTf’
C

P,
Iya—1/27qVEV— _c_
Fo4 = ¢ Ap Eu Da~1/2(st¥r)"! C 77 (36)
The solid’s energy balance equation:
aT,1* a1 — ¢)] aT, 1"
6ia-0%| +e[tF2] +6la-em, 5|
#T,1" .
-G, [(1 - ¢)W] + Gs[T,]* -
J

oV, aV,.

=GolTy]" + G [T, 3;7] + Gy [(1 - )Ts ] =0, (37
3
where
o LYt
G =1, Gy = tét, Gs = (Stv‘) ILZ" t}_-/‘ ). G4 = Fo,,
1 Tf
Gs = —Fo,Bi, G —<Fo,Bi,
(1 - ¢c) 6~ (1 - ¢c) ts
t1:

G7 = a ¢ )Fo,Qc(St )— tV ,  Gg=(St"")'&. (38)

Next, we evaluate the relative magnitude of the terms appearing in the phase
mass, momentum, and energy balance equations, following abrupt changes in both
the pressure and the temperature of the fluid, at a point within the porous media.
Actually, to allow the investigation of simultaneous effect of fluid’s pressure and
temperature, we assume that both are of the same order, (e.g., blast or shock
waves),
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4. Approximate Forms of Mass Momentum and Energy Balance
Equations

To simplify the discussion, let us consider a fluid that is initially at rest. It should not
affect the general methodology of determining the dominant forms of the balance
equations at different evolution period.

Immediately following an abrupt change in both the pressure and the tempera-
ture, we determine the characteristic time of any intensive quantity. During a short
period following a change, we may assume that the following time characteristic
intervals are identical.

T
tVr =tV =P =47 =T = 42, (39)

Note, however, that after longer time periods, when inertia terms become smaller
than those of dissipation, each of the e-quantities evolves at its characteristic pace.
Hence, during a short time interval following the initiation of motion from rest, the
average and characteristic velocities may be identical. They may be expressed in
the form

LV,- Lva
Vie= __‘c/r_, Vse = '_‘2— (40)
[ c

Note that in writing (40), we assume that St° = 1(e # ¢). Actually, following
(17), we note that € .5 = £,5x(¢). Yet, in view of (18), we define the relation between
w, and V,. Hence, we may conclude that L#, LY* and w? are related. However, to
be consistent with the argumentation of choosing L¢ related to each V., we choose
to develop the dominant terms in the evolving balance equations on the basis of
the above mentioned characteristic terms.

We now aim at constructing the various forms of the balance equations, consid-
ering the relative order of magnitude of A, s(mf = 1,2,...,6), Bps(ms = 1,2),
Dys(Mf = 1,2,...,13), Eprp(Mp = 1,2,...,18), Fgg(Ff = 1,2,...,23)
and Gg,(Es = 1,2,...,8) in (28), (30), (32), (34), (36) and (38), respectively. In
assessing the magnitudes of these expressions, we consider the rates of change of
fluid pressure and temperature to be of the same order of magnitude, e.g., blast or
shock waves). This in view of (3), dictates the condition 3, P, = O( BrT) and will
manifest a unit order to the factor multiplying the fluid’s temperature rate. Since
we have assumed that the rate of changes of pressure and the fluid’s temperature
are of the same order of magnitude, it follows that A, and A, are also of the same
order of magnitude

4.1. PERIOD OF UNIFORM DISTRIBUTIONS OF PRESSURE, STRESS AND
TEMPERATURE

Immediately following an abrupt change in fluid’s pressure and temperature, we
may assume that

[Yr=21P~1l @ = =0t (41)
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In writing t© = t';rf = 0%, we mean that the time distributions for the rise in
fluid pressure and temperature are the same. During this period, we consider the
nondimensional numbers Ap, ATj , Fuq, Fyr and Fy to be of orders of magnitude
greater than one. All other nondimensional numbers appearing in (25) and (26) ore
of order one, except F'o, which is of order zero. Accordingly, by virtue of (28) and
(41) we obtain

Al = Ay = As 2 Ag =2 O(1), 42)

while all the others A are of order zero. This, in turn, yields an approximate mass
balance equation for the fluid in the form

T
op (ﬂp—+ﬂT SL) + o0V +Ve) (ﬂpg—li + o j) =0, (43)

This equation may be rewritten as

Dips _, (44)

¢Dt

In view of (32) and (41) we find that

Dy 50220550751)8'50(1), 45)
other D factors are of order zero. Hence, if we subtract (45), multiplied by the
fluid’s velocity, from (31), and account for (45), we obtain the fluid’s momentum

balance equation in the form

(?P

T

=0. (46)

¢TI

By analyzing (34), in view of (41), we may conclude that
E\2E; 2 FEy 2 Eg™ B = Enp © Ey 2 0(1), 7)

while the rest of the E factors are of zero order. If we now subtract (43), multiplied
by the fluid’s velocity, from (33), and also substitute (46) into (33), we obtain the
porous media momentum balance equation, in view of (47), in the form

V.o =0. (48)
By virtue of (36) and (41), we write

FlEF:;EF4EF8§F16EF18EF19EO(1)’ (49)
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while the rest of the F' factors are of zero order. We now subtract (43), multiplied
by C T, and substitute (46) in (35). We obtain the fluid’s energy balance equation
in the form

¢psCiTrarft Vs + V| VTs - VTs = 0. (50)

Since the factors in (46) and (50) are not zero, we use this result of constant
spatial distributions of P and T't, together with (43), and obtain

oP 3Ty
Brog = —Prgl &)
or
Ops _
5 =0 (52)

Note that in view of (44) and (52), although the fluid is considered compressible,
during this first time period it behaves as if it were incompressible, i.e.,

ps =const. @ t=0"%. (53)
Examining (38) and in view of (41), we obtain
G112 G, 2 Gy Gy 20(1), 54

while all other G factors are of order zero. If we now subtract (4) (which all of its
terms are of order one), multiplied by C;T, we obtain the solid’s energy balance
equation in the form

DsTs _

(1 - ¢)PSCS_D_t' =0. (551)

Hence, T, will remain constant along characteristic curves defined by

Dx,
Dt

~v., (55.2)

where x; is a position vector along the characteristic path associated with the solid
matrix.

The pressure and the fluid temperature impulse propagate uniformly over a
distance obtained from the factor Dg in (32).

P 4
Fro|——). (56)
psBPVs
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4.2. PERIOD OF NONLINEAR WAVE PROPAGATION

After the first time period, we let the order of magnitude of the Reynolds number,
Re, be greater than one, while the remaining nondimensional numbers in (25)
and (26) remain of order one. Consequently, following a procedure similar to
that outlined in Section 4.1 above, by which the orders of magnitude of all the
factors were determined, we conclude that the fluid’s and the solid’s mass balance
equations, remain in the form (2) and (4), respectively.

The fluid’s momentum balance equation, becomes

aP
¢P_fat(Vr. +Va) + ¢ps(Ve, + K,)a (Ve + Vai) + T 5 -+

c‘uam

0z
+¢pfg—T* + ¢ #|Ve|Vy; = 0. 5D

To obtain the solid’s momentum balance equation, we first consider the momen-
tum balance of the porous medium as a whole, which was obtained under the 2nd
period assumptions. The equation takes the form

Vv,
Pps at(Vr. + Vi) + (1 - ¢)ps o

Ti

or
+p1Br(Ve + V) 5L+

oT a
+¢Pf,3T(‘/'r. + Vs.')(Vr_,- + Vsj)an; + ¢P_f(Vr, + Vs,’)%(‘/ﬁ + Vs.-)+
J J

BV,,
+(1 - ¢)P3 35 (9
w,, 2w & w,. oT.
_\" 35 8y 35 z-s
As dz;0z; (89:]83:1 + 89:,-8:1:]-) + "az,-+
oP o1 - d))
t dz; tVaps = ot
Vs, YA 0z
+(1 = )ps Vs, Ba; L+ dprg— 9z, + (1 - ¢)psg 92, = 0. (58)

We now subtract (57) from (58), while assuming that

(1= @)ps| > |6ps(Tom — Tim )l
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and obtain the momentum balance equation for the solid matrix, in the form

v, Vi, " ('?zw,J
( ¢)Pe 6 + (1 ¢)Pa 8y a As az azj

i w,, N &z, 4+ 2T
0z;0z; ' 0z:0z,;) T "0z

aP 8z /'—u ~
( ¢) ama ( ¢)psga ka ¢ fIVrI‘/r. =0. (59)

The fluid’s energy balance equation, becomes

oP oT
¢psCTsBp 5 + 9psCs(1 + PrTr) 5L +

+psCy(1 + BrTy)(Vi, + )"’Tf +

oP
+ V‘,J)%:-i-

Ty aV v&m \
¢T;ZT ( T+ 5 ) +,/° ST b0 |V Vi, Vr; = 0. (60)
J

The solid’s energy balance equation, becomes

aT, oT, av,, _
(1 - d’)PaCa_a?' + (1 - d’)pacavsja_'z; + nTa a =0. (61)

v, oV,
+d>prfoa— +p5CfTy 7z,

In view of the factors Dg and Dg in (26), we may estimate the length of the
time span during which Equations (57)—(61) are valid. We find

f
£ =0 (———ﬂ plVe ) , (62)
g
and
7= ()
Yo o ) (63)
tP plppVe

During this period of evolution, we note the emergence of nonlinear wave
equations. Actually, the procedure for obtaining these forms is based on time
differentiation of the appropriate balance equations in which only the dominant
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terms remain. By time differentiation of (2), and substitution of (57) into the
resulting equation, we obtain a nonlinear wave equation for the specific fluid
mass:

dps &*¢ps
o Vivist o an pfﬁp 0z;0z;

a(VfJVfi) N ¢T3 i 9py cvam 6¢Pf
( 9z, +g T‘Ja + 2ﬁpa%+ IV,IV, . T
¢ﬁT T} 32Tf
" Bp Ozidz;

vy \’ 02y, | 8y, vy,
2 ((am;) +2Vf16xj6x; + Oz; 81:,'J +

Culm (V<LVT,|+ IVrIaV")) 64

Af, " Oz F)

By time differentiation of (57), and substituting of (2) into the resulting equation,
we obtain a nonlinear wave equation for the specific fluid velocity:

vy, 9V
a2~ VIViige o,
_ 2V anJ an, _ E 2P BP apf+

* oz BzJ ps 0t0z; pj (?xJ ot

orP . 0Z \ 0Vy,
+ (Ea +9T’°J'az,-) 92y |

T 0%P i OP dpy
L R __
Vi (pf dzilz; pf az, aa:k

CyOm, - A
~\/ A2 (W" Gy

ViV aa'v ') (65)
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By time differentiation of (59) we obtain a nonlinear wave equation for the solid
velocity:
BVsi  wy+Xy PV  py PV
a2 (1 — ¢)ps Ox;0z; (1 — P)ps Oz;0x;

Ve Ve L PV n T,
ot dx;  “oz;ot (1 — ¢)ps OtOx;

_ T;; 62P + 1 Bng x
(1= )ps otoz; (1-¢)ps Oz

Pw
" 92 Wsy T,
(("’3“ V5m0m; T HeBr;00; "ax,> +
CoOm 1 3|Vr| 3¢Per. )

Substituting (18) into (59), results in a nonlinear wave equation for the solid’s
displacement:
a2wsi _ ,LL{, + Ag 6211)3_7' _ .u'fs 62wsi
ot? (1 — @)ps Ox;0z; (1 — ¢)ps Ox;0x;

_ awsj 62'wsi _ n %_
© 8t 8tdx; (1 — @)ps Oz;

T* 8P 8z "
(1 - ¢)ps 317_7 gaxz

Cvom PPy
+, [ —— |V |V;, 67
AT “n

4.3. PERIOD CHARACTERIZED BY THE INERTIAL AND DISSIPATIVE TERMS

During the third evolution period we refer to the case when all the scalar factor
Amf, Bms, DMy, Emp, Fgy and G, in (28), (30), (32), (34), (36), and (38),
respectively, are of the same order of magnitude. Hence, the balance equations
remain as (4), (5), (11), (20), (23), and (24).
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4.4. PERIOD DOMINATED BY THE DISSIPATIVE TERMS

In this case, the drag associated with the viscosity dominates the fluid motion, after
all the inertial effects have subsided. The nondimensional coefficients are of the
following order of magnitude:

L, Fo,Nu, Bi, St & 0(1), (68)

€c,Da,Re, A,, AT, € O(1), (69)
and

Fy, Fyr,Eu> O(1). (70)

Now that inertia terms are smaller than those of dissipation, we also postulate
that the time duration associated with the velocity change is much greater than the
one associated with the changes of any other property, e, namely

te
w <l 1)

Under assumptions (68) to (71), we obtain the following new balance equations:
Fluid mass balance.

OP oT v, aV
ops (ﬂP-— + Br—=— f) + ¢Pfa_L +pr52 9z, =0. (72)

Fluid momentum balance equation (Darcy’s law).
c ®
piam <z ¢Ve = —¢To (VP + ¢p19V Z). (73)
f
Momentum balance for the porous medium.
VP +(1-¢)p,gVZ—-V -0, =0. (79
Fluid energy balance equation.
orT »
¢p,c,a—tf — A fmV2Ty — *H(T, - Ty) = 0. (75)

Solid energy balance equation.

(1- ¢)p303% -(1- <{>))\..,,,,V2T..J + a"H(T,, -Ty)=0. (76)
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5. Conclusion

A nondimensionalization procedure is applied to the macroscopic mass, momen-
tum and energy balance equations describing saturated flow in a thermoelastic
porous medium. Considering the possibility of high and rapid changes of the phas-
es velocities, the analogous to Forchheimer terms were developed as additional
momentum and energy components at the material boundary between the phases.
The evolution of the dominating terms in these balances, in response to an abrupt
change in both the fluid’s pressure and temperature, was then analyzed.
Four distinct evolution periods were found.

— At the very first instant, the fluid’s density remains constant. This in turn,
constitutes a linear relation between the fluid’s pressure and temperature rates
of change. The fluid’s pressure and temperature and the solid’s matrix effective
stress result in uniform spatial distributions. The spatial distribution of the
solid’s temperature and it’s time rate of change are related by the solid’s
velocity. This is governed by the material derivative of the solid’s temperature,
being equal to zero.

— During the second time interval, the inertial terms dominate, and we note the
occurrence of nonlinear waves forms for the fluid mass, the fluid velocity, the
solid velocity and the solid’s displacement.

— During the third evolution stage, the dissipative effects in the balance equations
arise and become of the same order of magnitude as the inertial terms.

— As time proceeds, during the fourth stage, we note the domination of the
dissipative terms while the inertial ones had subsided. The fluid’s momentum
is dominated by Darcy’s law. The momentum balance equation of the porous
medium represents forces equilibrium and energy balances are described by
parabolic equations.
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